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Abstract

In this paper, we construct and study a special ruled surface with the alternative
moving frame of its base curve in euclidean 3-space. We investigate the main char-
acteristic properties of that ruled surface and characterize it in terms of its Gaussian
curvature, mean curvature and striction curve in some special cases. Moreover, we
presente a study with illustrations of this kind of ruled surfaces in the case where
are generated by some important general and slant helices.

1. Introduction

In differential geometry of curves and surfaces [11], a ruled surface represents one of the
most fascinating topics in surface theory, it is defined by choosing a curve which called
base curve and a line along that curve (ruling). An important number of researchers in
many papers have studied one of the moving frames of its base curve. In [6] the authors

have defined a family of ruled surfaces generated by some special curves using Frenet
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frame of those curves in euclidean 3-space, it has been precisely a study with general and
slant helices. The general helix is the curve such that the tangent makes a constant angle
with a fixed straight line which is called the axis of the general helix, it is characterized
by a necessary and sufficient condition that a curve be a general helix is that the ratio
T is constant along the curve, where x and 7 denote the curvature and the torsion,
Il‘izspectively [12]. The slant helix is the curve such that the normal line makes a constant
angle with a fixed straight line which is called the axis of the slant helix. Izumiya and

Takeuchi [10] proved that: A curve is a slant helix if and only if the geodesic curvature

of the principal image of the principal normal indicatrix is constant

K T\/
e )
along the curve. On an other hand, in [1] Frenet frame has been used to defined and
investigate the principal normal vectors belonging to striction curves of Frenet and
Bertrandian Frenet ruled surface. In [2] the authors have studied ruled surface with
poinwise 1-type Gauss Map using the Darboux vector which is defined by the Frenet
frame vectors.

However, many researchers have focused on the study of ruled surface with Darboux
frame, effectively, in [5]the authors have defined the ruled surface with Darboux frame
and invetigated some special characteristic properties of that surface and gave the rela-
tion between Darboux and Frenet frame. In [4] the parallel ruled surface with Darboux
frame was introduced in euclidean 3-space, some characteristic properties such as de-
velopability, striction curve and distribution parameter of this type of surface was given
in euclidean 3-space. Darboux frame was used also in [7] but in Minkowski 3-space
where authors have given necessary and sufficient condition for a ruled surface to be
developable.

In this paper we are inspired to investigate study of ruled surface with alternative mov-
ing frame which introduced in [3]. We defined the ruled surface whose rulings are linear
combinations of alternative moving frame vectors of its base curve. We investigate the
most important characteristic properties of that ruled surface, we give some character-
izations in some special cases relatively to developability and minimality of the ruled
surface. Moreover, we renforce our work by examples of this kind of ruled surfaces in

the case where are generated by some important general and slant helices [8,9].

2. Preliminaries
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In this section, we will present some basic concepts related to ruled surface and aterna-
tive moving frame.

Let E3 be a 3-dimensional euclidean space provided with the metric given by (,) =
dz? + dz3 + da?, where (x1, x9, 73) is a rectangular coordinate system of E3.

Due to a regular curve ¢ (s) there exists the Frenet frame and it is denoted by {?, ﬁ, B}
In Frenet frame, ? is the unit tangent vector of the curve c(s), ﬁ is the unit normal

vector and ? is the binormal vector which is defined by ﬁ = ? A ]7

The derivative formulae of Frenet frame is given by:

T (s) 0 wk(s) 0 7 (s)
Ns) | =] - 0 1) || N |,
B (s)

where k is the curvature and 7 is the torsion of ¢(s) respectively.

/—:
Vo)
~—
[es}
|
\]
—
V)
~—
=]

On other hand, the alternative moving frame of a regular curve c¢(s) for which the
/
curvature k£ do not cancel each other is defined by the three vectors ﬁ, 8 = —— and

|~

the last I?/ = ﬁ A 8 which called Darboux vector. Derivative formulae are defined as

follows:
N’ (s) 0 a(s) 0 N (s)
Crs) | =] —ats) 0 B || Ts) |-
W (s) 0 —B(s) 0 W (s)

2

K /

wherea:m,ﬂzaaandg:7<z> _
(k2 +72)%% \K

A ruled surface is generated by a one-parameter family of straight lines and has a

parametric representation:
U(s,v) =c(s) + v?(s), HY(S)H =1 (1)

where c(s) is called the base curve and 7(3) is the unit represents a space curve which
representing the direction of straight line (ruling).

If there exists a common perpendicular to two constructive rulings in the ruled surface,
then the foot of the common perpendicular on the main rulings is called a central point.

The locus of the central point is called striction curve. The parametrization of the
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striction curve p on the ruled surface [1] is given by

(¢(5),X(s))
(s) = c(s) — L ¥(g),
! i

If H?l(s)

called cylindrical ruled surface. Thus the base curve can be taken as a striction curve.

‘ = 0, then ruled surface does not have any striction curve. In this case it is

Let M = U(s,v) be a regular point of the surface ¥, the standard unit normal vector

field on ¥ at M can be defined by:

U, AU,
[Ws AWyl

where Uy = B\Il[gz,v) and ¥, = aq]gf}’”). The first I and the second I fundamental forms

of the surface W relatively to the point M are given by, respectively

I = I(Wyds+ Vydv) = Eds® + 2Fdsdv + Gdv?,
IT = II(Wuds+ U,dv) = eds® + 2fdsdv + gdv?,

where

&=
I

H\IIS”27 F= <\1187\IIU>7 G = ”\IIUH2:17
U, AV, > < U, AV, > < U, AV, >
e = (U, 20 N oy (g, oD Ny, s T N
(Yoo i) 7= (o i) 0= (0 i

On the other hand, Gaussian curvature K and mean curvature H are given as follows,

respectively
eg — f? _ f? H_Eg+Ge—2Ff_ e—2Ff

K=sa-r~ 8- "= S@e—m “2E-ry

Therefore, we present the following important definitions:

Definition 2.1 : A regular surface is developable if and only if its Gaussian curvature
vanishes identically.

Definition 2.2 : A regular surface is minimal if and only if its mean curvature vanishes
identically.

Normal curvature, geodesic curvature and geodesic torsion of the curve c¢(s) on the

surface ¥ are defined by:

= (0., 0= (TATTY, 0= (TAT.T),
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where U = U (s) = % (s,0) is the unit normal on the ruled surface ¥ at a
point of its base curve|.| ’ !

Now, we can write the following important definitions:

Definition 2.3 : For a curve ¢ = c¢(s) lying on a surface ¥ we have the following

definitions:

1. ¢(s) is an asymptotic line for ¥ if and only if its normal curvature p,, vanishes.
2. ¢(s) is a geodesic curve for W if and only if its geodesic curvature p, vanishes.

3. c(s) is a principal line for ¥ if and only if its geodesic torsion 6, vanishes.

3. Ruled Surface with Alternative Moving Frame

Let ¢ = ¢(s) be a regular curve whose curvature x do not cancel each other and denoting
%

by {ﬁ, 8, W} its alternative moving frame.

Derivative formulae of alternative moving frame of ¢ = ¢(s) are defined by

N (s) 0 a(s) 0 N (s)
C'(s) | =] —a(s) 0 B(s) IORE (3)
W (s) 0 —B(s) 0 W (s

2

/
Wherea:\/W?B:(jaandg:Hi(I) )
(k2 4+ 72)%% \K

Considering the ruled surface ¥ defined as follows

U (s,v) = c(s)+v [xlﬁ(s) + 3728(8) + ng?/(S)} , (4)

where, x1, o and x3 are three constants satisfying :c%—k x% + x?,) =1.
Differentiating (4) with respect to s and v respectively and using alternative frame

formulae (3), we get

U, = —vxgaﬁ + [—g +v(r1a — .563,8):| c + {g + vxgﬁ] V_V>, (5)
v, = xlﬁ + :cﬁ + :L‘3W, (6)

then, the normal vector of the ruled surface (4) is

U AUy, = [ag + vaq] N) + [gxl + vag} 8 + [gxl + vag] W, (7)
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where

ag = — (:L‘Qa +x3a> , O] = T1T300 — (zQ —I—ﬂc3) B,

as = xo(zsa+x1B), az=wz1x38— (21 +23) o

Note that the condition of regularty of ruled surface (4) along its base curve is:

2
22 + <x21 + ng) £ 0.
a a
From (5) and (6), we obtain the components F, F' and G of the first fundamental form

at a regular point M = U(s,v), respectively

E=1+42v |—kx1 + (x3K + z27) g] + v? [m% (@ + B%) + (z10 — z303)°

F:—:cg——i-aﬁgz, (8)
o o

G =1,
differentiating (5) and (6), we get
Uy = [k — vA] ﬁ + ’UA28 + UA;),W,

U, = —axgﬁ + (az1 — Br3) c+ 53321?/7 9)
Uy =0,

then, from (7) and (9) the components e, f and g of the second fundamental form at a

regular point M = V¥ (s,v) are as follows, respectively

T K
[k —vA1] [ag + vai] + vAsg [aaﬁl + vag] +vAs {Eazl + vag}
e = ’
\/a% + a2 + 20 [aoal + 24 <a2£ + agg)} +v2 (a} + a3 + a3)
Fe (1 - $§ — xlxga) T + 29k (T3 + 210) (10)
\/a% + 23 4 2v [aoal + a1 <a2£ + agg)} +v? (a? + a3 + a3)
L 9=0,

where
Ay = 29/ +a (10— 238), Ay = —x9 (a2 + 52)—1—(3:10/ —x38'), As = (v10 — 238) B+a2ff.

Thereafter, from (8) and (11), Gaussian and mean curvatures of the ruled surface ¥
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along its base curve take the following forms, respectively

) 2
(1 — 2} — z1230) T + 225 (23 + 710)
K (5,0) = — 2 2 )
ag + x79
K (zoT + w3k) + 2 (—wok + 237) [(1 — 23 — 21230) T + 2ok (23 + 210)]

H(S,O) = -
2 (a% + w%)3/2

On the other hand, supposing ¥ non-cylindrical ruled surface (|| X’(s)|| # 0,Vs), i.e.,
2 —
HY'(S)H =2 (a2 + 52)—1—(04:61 — Bx3)* # 0, where Y(s) = mlﬁ(s)+x28(s)+x3W(s),

then, striction curve of (4) denoted by u takes the following form:

_ () — —k (21 —ox3) + ToOX . R R —>8
M) = e0) — o e e o [P (€) 22 C ) 4 W (0)]

The unit normal vector U = U (s) of the ruled surface (4) at a point (s,0) of its base
curve is given by

T=T(s)= (0=

T K —
= agﬁ + *5618 + *eTlW) )
[Ws AW a o

1
\/a% —l—x% (

differentiating this last equation, we get

Vag + o ag + o
1 N/ anagTT1
t (*) T1 + aptx — Koxy % 8 (11)
‘/a0+1;1 o a(a0+x1)
1 K\’ apapkr1 | =
+ﬁ (*) xr1+T0T1 — 7 5 a9\ s
Vag+ai |\ a (aj + 1)

on another hand, we havve

1 apT agk
7A?:ag+ ﬁ(mﬁ—gﬁ—g ). (12)

then, if we substitute the equations (11) and (12) in (2) and replace T by kN we

obtain p,, py and 6, as follows:

Kag KT B x1af (—xak + x3T)

Pn = —F5—=> Y 0y = .
R Po Vai+a2 (227 + x38)° + a2a?

Consequently, from the above study, one can formulate the following corollaries:
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Corollary 3.1 : V is developable if and only if the curvature x and the torsion 7 of its
base curve satisfy the equation (1 — x% - xla:go) T+ 29k (x3 + 210) = 0.
Corollary 3.2 : W is minimal along its base curve c¢ if and only if the curvature x and
the torsion 7 of ¢ satisfy the equation k (zoT + x3K)

+2 (—Kxo + TX3) [(1 — 23— :1:19530) T+ x9k (3 + xla)] =0.
Corollary 3.3 : ¢ = c(s) is the striction curve of the ruled surface W if and only if its
cuvature £ and torsion 7 satisfy the equation —k (x1 — oxs) + Toxe = 0.
Corollary 3.4 : If 1 # 0, then ¢ = ¢(s) is an asymptotic line of ¥ if and only if its
curvature x and torsion 7 satisfy the equation xo7 4 x3x = 0.

Corollary 3.5 : If zo7 + 23k # 0, then ¢ = ¢ (s) is a geodesic curve of the ruled surface
_>
(s,v) —c(s)+v [xﬁ (s) + x3W (s)] .

Corollary 3.6 : ¢ = c¢(s) is a principal line of W if an only if its curvature x and torsion

. . r1ab (—x9k + 3T
T satisfy the equation 7 — 108 (= 5 37) =
(a7 + z3K)~ + o222
In this following part, we establish the whole of the last results in some special cases by

supposing that the ruled surface ¥ is noncylindrical and regular along its base curve.
Case 1: x; =1 (z2 = 23 =0)

The ruled surface becomes
U (5,0) — ofs) + N (s). (13)
It is a regular surface along its base curve satisfying

2 K
K(370):_77 H(S,O)ZO, pn =0, Pg = K, 95)27'7 M:C—Fm

?

then, we obtain the following corollaries:
Corollary 3.7 : The ruled surface (13) is minimal along its base curve ¢ (s) and admits
c¢(s) as an asymptotic line.

Corollary 3.8 : For he ruled surface (13) the following properties are equivalents:
1. The ruled surface (13) is developable.
2. The ruled surface (13) admits ¢ (s) as a principal line.

3. The ruled surface (13) admits ¢ (s) as a plane curve.
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Case 2: 29 =1 (1 =23 =0)
The ruled surface ¥ will take the folowing form

U (s,0) € I x Res e(s) + v (s). (14)

For a reason of regularity of (14) along its base curve, we suppose that 7 # 0.

In this case we have

K2+ 72\ 2 K (K% + 72
K(s,0) = —( . ) ’H(S’O):_(QTQ)’ pn = —kK, pg =0, 0y =1,

T2V K2 4 72 T ’8
mo=es ()@
(K2 +72)% 4+ kA (Z)
K
then we get the following corollaries:

Corollary 3.9 : The ruled surface (14) admits

1. ¢(s) as a geodesic curve.

2. c(s) as striction curve if and only if ¢ (s) is a general helix.

Remark 3.10 : The ruled surface (14) is neither developable nor minimal along its
base curve.
Case 3: 23 =1 (x; =22 =0)

The ruled surface ¥ becomes
_)
U:(s,0) €I xR c(s)+ oW (s). (15)

It is a regular surface along its base curve satisfying:

K2 + 72
2K

K(s,0)=0, H(s,0)= . Pn=—K, pg =0, 0, =1,

one suppose that ¢ (s) is not a general helix is non-cylindrical, then its striction curve is

1+ ()

—
p=c— W,

hence, we get the following corollaries:

Corollary 3.11 : The ruled surface (15) is
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1. developable.
2. admits ¢ (s) as a geodesic curve.

3. admits ¢ (s) as a principal line if and only ¢ (s) is a plane curve.

4. Ruled Surfaces with Alternative Moving Frame Generated by Some
Special General and Slant Helices

In this section and with illustrations, we presente ruled surfaces with alternative moving
frame which are generated by some special Genaral and Slant helices [8,9].

4.1 Ruled surfaces generated by General helices

In the following, ruled surfaces generated by some special general helices [8] such as
circular helix, spherical helix and another case of general helix are presented.
Theorem 4.1 [8] : The position vector ¢ of general helix whose tangent vector makes
a constant angle with a fixed straight line in the space, is expressed in the natural

representation form as follows:

c(s cos 1+m / >,sin( 1+m2/msds>,m>ds,
0= g f (o (v Vi [
(16)
where m = %, n = cos (¢), ¢ is the angle between the tangent vector of the curve
—-n

c and a fixed direction (axis general helix).
%
Then, alternative moving frame vectors ﬁ, 8 and W of the general helix (16) are

respectively as follows:

—sin (mfﬁ;(s) ds) —cos (VI+m?2 [k (s) ds)
N = COS(me(S)dS) 38: —sin \/mfm(s)ds) , W=
0 0

then, position vector of the ruled surface ¥ = (W, Wy, U3) is

Uy = \/ﬁ J cos (©)ds — v [z sin () + x3 cos (O)],
Uy = \/7 [ sin(©)ds + v [z cos (B) — z2sin (O)],
\113 = + vxs,

V1+m?

o
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where © = V1 +m? [ k(s)ds.
Case 1: Considering general circular helix defined by intrinsic equations k (s) = k,
7 (8) = mk.

The ruled surface ¥ = (¥, Uy, U3) generated by general circular helix is:

_ sin(O) _
U = R tmd) v [z 8in (©) + z2 cos (O)],
cos (O) )
\I/ = —-—— —
2 "57%1 T m?) + v [z1 cos (©) — z2sin (O)],
Uy = 5 + VT3
3 1 T m2 ’

where © = V1 + m2ks

Case 2 : Considering general circular defined by intrinsic equations & (s) =
ma

s
Ruled surface ¥ = (¥, Wy, U3) generated by this kind of general helix is:

STl =

1 ) .
U, = \/ﬁ {H%b? cos (©) + 11‘22 sin (@)} — v [z1sin (0) 4+ x4 cos (O)],
1 : as :
Uy = \/ﬁ [H%? sin (©) — T cos (@)} + v [x1cos (©) — xosin (O)],
ms
N A T

where b = a1+ m?, © =blog(s).

Case 3: Considering general spherical helix defined by intrinsic equations « (s) =
a ma

V1—m2s2’ m(5) = V1—m2s2

Then, ruled surface ¥ = (¥, Uy, U3) generated by general spherical helix is

1
_ _ 22 _ :
U, = e 21) — { nms cos (0) + av'1 — m?s? sin (@)} v [z1sin (©) + z2 cos (O)],
_ ; — 242 — ol
Wy = afn(sl m3) 2 [nms sin (©) + av'1 — m?2s? cos (@)} + v [x1 cos (©) — x9sin (O)],

5 + vxs,

Ug= —————
3 vVi+m

where © = % arcsin (ms) .
4.2 Ruled surfaces generated by slant helices
Theorem 4.2 [9] : The position vector ¢ of slant helix whose principal normal vector

makes a constant angle with a fixed straight line in the space, is expressed in the natural
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representation form as follows:

c2(s) =1 s)sin [+ arcsin (m [  (s) ds)] ds] ds, (17)
c3(s)=n[[[r(s)ds]ds,
where m = ——~— 1 = cos (¢), ¢ is the angle between the principal normal vector of

V1—n?2

the curve ¢ and a fixed direction (axis of slant helix) .
Thus, from the last theorem one can get the alternative moving frame vectors ]T/), 8

%
and W respectively as follows:

2 cos [L arcsin (m [ (s)ds)] —sin [ X arcsin (m [ £ (s) ds)]

N = 2 sin [ L arcsin (m [k (s)ds)] |, =1 cos [ arcsin gmf k(s)ds)]  (II8)
—ncos [£ arcsin (m [ & (s) ds)]

W= —nsin [+ arcsirrll (m [k(s)ds)] |, (19)

hence, the ruled surface ¥ = (¥, U9, U3) generated by slant helix (17) and defined by
its alternative moving frame vectors (18) and (19) is

=2k (s) cos[ Jds] ds + v [Zxy cos [®] — x2 sin [®] — nas cos [P]],

Uy =2 [[[k(s)sin[®]ds|ds+v|[Laxsin[®] + zycos [®] — nzzsin [P]]

Uy =2 [f@ds—i—v may + z3)]

where © =m [ £ (s)ds and ® = L arcsin (©).

In the following, ruled surfaces generated by some special slant helices [9] such as
Salkowski curve, anti-Salkowski curve and another case of slant helix are presented.

Case 1: Considering Salkowski curve as a special case of slant helix which is defined
ms

252"
The components Wy, ¥y and V3 of ruled surface generated by Salkowski curve and

by the intrinsic equations k (s) =1, 7 (s) =

defined by its alternative moving frame vectors are:

v, = 4= 2n+1 cos [(2n + 1) ¢] + 2L cos [(2n — 1) ] — 2 cos [t]]
+v [ 229 cos [t] — @2 sin [t] — nwz cos [t]]
Uy = 7= {Zn—&-l sin [(2n + 1) ¢] — 2L sin[(2n — 1) ¢] — 2sin [t]}

+v |2y sin [t] 4+ 22 cos [t] — naz sin [¢]]

Wy = 2 [kreos ont] v (ma) + 7))

1
where t = — arcsin (ms) .
n
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ms

V1—m2s2’

Case 2: Anti-Salkowski curve is defined by the intrinsic equations « (s) =
T(s) =1
The components W, ¥y and W3 of ruled surface generated by anti-salkowski curve and

defined by its alternative moving frame vectors are:

(v, = e {27&1 sin [(2n + 1) ¢] + 2L sin [(2n — 1) ¢] — 2nsin [t]}
+v [ 2z cos[t] — o sin [t] — nas cos [t]]
Uy = 4= [ 2n+1 cos [(2n + 1) ¢] + g2tL cos [(2n — 1) ] + 2n cos [t]}
+v | 2y sin [t] + a2 cos [t] — nazsin [1]]
U3 = - [% (2nt — sin [2nt]) 4+ v (mx1 + x3)]

V1 —m?2s?

where ¢ = L arcsin (mf) and 0 =

Case 3: Considering slant helix which is defined by the following intrinsic equations
M Ko
- == ) 20
() = L cospus] 7 (5) = Lo sin s (20)

The components Wy, ¥y and W3 dof ruled surface generated by the slant helix (20) and

defined by its alternative moving frame vectors are:

U, = —;”—j [(1 + n?) cos [us] cos [£2] + 2nsin [us] sin [£2]]
+v |22 cos [“ ] — 9 sin [%] — nx3 cos [“—H
Uy = 70 [(1 + n?) cos [ps] sin [£2] — 2n sin [us] cos [£2]]
+v [ z1 sin [ ] + 9 cos [“ ] — nas3sin [%H
\ vy = = [—i cos [us] + v (mxy + x3)

In what follows, some illustrations of ruled surfaces generated by the last cases of general
and slant helices and which are defined by their alternative moving frame vectors are

presented:

Figure 1 : Some ruled surfaces generated by circular general helix.
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Figure 2 :  Some ruled surtaces generated by the general helix with the intrinsic equations
(s) = 2 7(s)="=
gfs) = — vl —-
s’ s

Figure 3 : Some ruled surfaces generated by spherical general helix.

Figure 4 : Some ruled surfaces generated by Salkowski curve.
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Figure 5 : Some ruled surfaces generated by anti-Salkowski curve.

Figure 6 : Some ruled surfaces generated by the slant helix with the intrinsic

equations

K (s) = L cosus],. T (s) = £ sin [us].

Fig. : L:(m=x=1,21=1, 29=23=0),M:(m=3, k=1, 2o =1, 21 =23 =0),
R:(m:2, KZ:%, x3 =1, mlza:g:O).

Fig. 2: L:(a=2, m=1,z1=1, a9 =23=0),M: (a=2, m=3, xz9=1, 21 =23=0),
R:(a=m=3, z3=1, x1 =22 =0).

Fig. 3: L:(a=3, m=4, x1=1, zo=23=0),M:(a=2, m=1, xe =1, 21 =23 =0),
R:(a=7, m=5,z3=1, x1 =22 =0).

Fig. 4: L: (m=1,z1=1, 29=23=0), M : (m=3, 220=1, 21 =23=0), R :
(m=4, z3=1, 21 =22 =0).

Fig. 5: L: (m=2 x1=1, xo=23=0), M : (m:%, z9=1, 11 =23=0), R :
(m:%, T3 =1, $1:x220).

Fig. 6:L:(m:%, w=4, ;1 =1, $2:x3:0),M2(m:%
R:(m=3, pu=1, z3=1, x1 =22 =0).

=
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Remark 4.3 : The symbols (L, M and R) mean (Left, Middle and Right) in the graphs,

respectively.
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